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n
e Definition: Euclidean norm |z|> = 3~ 27 in R™.
i=1

e Notation: u, = g—z, Uy = %.
Look for a function u(z,t) satisfying
(1) U —Uge =0, xE€R, £>0,

with given u(z,0) = ug(z).
THE HEAT KERNEL

Definition 1. The function G(z,t) given by

e 1w, xeR, t>0,
47t

is called the heat kernel (also: the fundamental solution of the heat equa-
tion).

(2) G(x,t) =

Claim 2. The kernel G(z,t) € C®(R x (0,00)) and satisfies the heat equation
there:

Gi(z,t) — Gpz(z,t) =0, (x,t) € R x (0,00).

Claim 3. [positive summability kernel] The kernel G(z,t) is a positive summa-
bility kernel, namely, it has the following properties:

e (a) G(z,t) >0, (x,t) €R x(0,00).
o (b) [ G(z,t)dz =1, t>0.
e (c) For anyd >0,

lim G(z,t)dx = 0.

HO Jiz|>5

SOLUTION OF INITIAL-VALUE PROBLEM
(CAUCHY PROBLEM)

Lemma 4. Let up(z) € L*°(R) and consider
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(3) u(z,t) = /RG(QJ —y,ue(y)dy, =R, t>0.

Then

o u(z,t) € C°(R x (0,00)) is a classical solution of the heat equation:
up —uge =0, (x,t) € R x (0,00).

o Let up(x) be continuous at some xog € R. Then

4 li t) = .
(4) L, u(z, t) = uo(zo)
Proof. See [1, Theorem 1, Sec. 2.3]. O

THE MAXIMUM PRINCIPLE

Let Q = (a,b) x (0,T) be a bounded cylinder.

Definition 5. Let u(z,t) € C?(Q) N C(Q). We say that u is a classical subso-
lution of the heat equation in Q if

(5) U — Uz <0, (z,t) € Q.
Lemma 6. Let u(x,t) € C*(Q) N C(Q) be a classical subsolution. Let
9'Q = [a,b] x [t =0]U {a,b} x [0,T] C 0Q.

Then

6 max u(x,t) = max u(z,t).

() pax u(r. 1) = mi u(z. 1)

Proof. e Assume first that u; — uz, < 0in Q. Let Q. = (a,b) x (0,T —¢) for

a small € > 0. Let (Z,7) € Q. be such that u(Z,?) = max u(z,t).
Q

o If (Z,1) ¢ 0'Q. then it is easy to see that u(T,t) — uy(Z,t) > 0. Contra-
diction.

e Thus (7,t) € Q. C Q.

e Letting ¢ — 0 and using the continuity of u in Q we get (6).

e Now assume only (5). Introduce, for a small 7 > 0 the function v(x,t) =
u(x,t) — nt. Clearly vy — vy, < 0 in Q. Thus

max v(x,t) = max v(x,t).
gy (1) = max (a1

e Take the limit n — 0.
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Corollary 7. Let u(z,t) € C?(Q)NC(Q) be a classical solution of the heat equation
n Q.
Assume that u=0 on 0'Q. Then

u=01inQ.

MAXIMUM PRINCIPLE FOR THE CAUCHY PROBLEM

Theorem 8. Let u(x,t) be a classical solution of the heat equation in R x (0,T)
such that uw € Cp(R x [0, T]) = L>®(R x [0,T]) N C(R x [0,T]). Then

(7) u(z,t) <supug(z), (x,t) € Rx[0,T], uo(z) =wu(z,0).
R
In fact, it is sufficient to assume up — Uzy < 0 in R x (0,7).
Proof. e For every 0 < € < T the function
1 (z—y)?
(@, y,t) = e
An(T +e—1t)
satisfies

Oy — Dy =0, (,t) €Rx (0,7).
For every small p > 0 the function v, (z, y,t) = u(z,t) — u®(z, y, t) satisfies,
for any fixed y € R,

0 0?
av#(x,yﬁ) - ﬁv#(m,y,t) <0, (z,t) eRx(0,7).

Fix y € R and p > 0 and define
Qo=w=py+p) x(0T)

From the maximum principle for a bounded domain we have

max v,(z,y,t) < max vu(x,y,t).
()T, (T, y,t) (@.)eoQ, u( Yy, t)

Clearly

lim ma; v,(x,y,t) =0
Pﬁw(w:yiﬂi}é[&ﬂ) #( ¥ ?) ’

so taking p sufficiently large

sup vu(z,y,t) < supwvy(x,y,0) < supug(x).
(z,6)€RX[0,T] z€R R

Let i — 0 to conclude the proof.

Now in analogy to Corollary 7

Corollary 9. [uniqueness] Let u(x,t) € C*(R x (0,T7)) N Cp(R x [0,T]) be a
classical solution of the heat equation in R x (0,T).
Assume that ug(x) = u(z,0) =0 for all x € R. Then

u=01in R x[0,T].
INFINITE PROPAGATION SPEED
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Claim 10. Let the initial function ug(x) be nonnegative and compactly supported,
but not identically zero. Let u(x,t) be the classical solution to the heat equa-
tion. Then for all (z,t) € R x (0,00) we have u(z,t) > 0.

NONHOMOGENEOUS HEAT EQUATION-DUHAMEL’S PRINCI-
PLE

We follow [1, Section 2.3].
We consider the nonhomogeneous Cauchy problem

Ut — Uge = f(z,t), (2,t) € R x (0,00),
® {u(a:,O) =0, zeR

We assume that f € C3(R x [0, 00).

Theorem 11. [Duhamel’s principle] The unique solution of (8) is given by

(9) u(x,t) = /0 /RG(I —y,t —s)f(y,s)dyds.

Proof. e We change variables in the integration to express the right-hand side
of (

9) as
ute) = [ /R Gla —y.t— ) f(y, s)dyds = /0 /R Gy, s)f(x —y.t — s)dyds.

Then

up(x,t) :/RG(y,t)f(x—y,O)dy—l—/O /RG(y,s)ft(x—y,t—s)dyds, (x,t) € Rx(0,00).

t
Uy (T, 1) = /0 /RG(y, 8) faux(x —y,t — s)dy ds.

Note that the derivatives are continuous in R x (0, 00).

e We want to integrate by parts and use the fact that G solves the heat
equation. However we need to treat separately the singularity of G(y, s) at
s = 0. Thus, we take a small € > 0 and write

() — g (2, ) = / Gly.t)f(x — .0)dy
R
+/0 /RG(M)[—fs(x—y,t—S)—fyy(x—y,t—S)]dyds

t
+/€ /RG@,s)[—fs(x—y,t—s)—fyy(x—y,t—swyds
— K+ J.+ 1.

e The estimate for J. is straightforward:

|J5|§C’/ /G(y,s)dyds:CE.
0o Jr
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e In I, we can integrate by parts:

I = / / (Gat:) — Gy 8)]f(x — y,t — 5)]dy ds
n / Gly,e)f(a -yt —e)dy — / Gy 1) — y,0)dy

/ G(y,e)f(x —y,t —e)dy — K.
R
e SoI.+ K = [,G(y,e)f(x —y,t —e)dy and
e, 8)—thg (2, ) = T (LA K) = lim, | Gly,e) fa—y, t—e)dy = f(z—y, )]0 = F(,1).
e—0 e—0 R
O
A MORE GENERAL FORM OF DUHAMEL’S PRINCIPLE

Fix T > 0. Denote Q7 = R x (0, 7). Recall that
Co(Qr) = C(Qr) N L=(Qr).

Theorem 12. Let f(x,t) € Cy(Qr) be globally Holder in x € R, namely, for some
constants L >0, 0 < a <1,

(10) |f(l'2,t)_f(flfl,t)| SL‘LI}Q—Q}”(X7 Z1, T2 GR, te [07T]
Then the function
t
(1) ue) = [ [ 6o =yt =91 dyds,
o JRr
satisfies:

b U(I,t) € Cb(@)
e u(x,t) is a classical solution of

{ut — Uy = f(z,1), (x,t) eRx(0,T),

(12) u(z,0) =0, zeR.

Proof. Let M = ||flloc = sup |f(z,¢)|. Then
(z.t)€Qr

| /06 | 6=t =)y as| < b1

Thus, it suffices to take a small h > 0, study u(z,t) for ¢ > h and finally let A — 0.
We therefore define

t—h
wle)= [ [ G- pt-95sdyds
0 R
e Clearly up(x,t) € Cy(R x [h,T]) and, for any 0 < t; < to < T,

lim wup,(z,t) = u(x,t), uniformly in R X [t1,¢2].
h—0

We conclude that u(z,t) € Cy(Qr).
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e Now, for t > h,

t—h
uh .I‘t /Gx_yy yvt_ dy+/ /8t a )f(y,s)dyds,

and since [, 2G(z —y,t — s)dy =0,
(13)

auh(x, t)

t—h
/G(ﬂf*y,h)f y,t—h dy+/ /at —y,t—58)(f(y,s) — f(x,s))dyds
= Iy (z,t) + Jp(x, ).

Furthermore, since %G(w t) = 86; G(z,t) we get

2

(14) = Ju(z,1t).

@Uh(xat)

e Evaluating the limit of I, (x,t).
We estimate

= Fe.0)] < | [ Gl = uh) (ot = 1) = Flost = W)y + 17wt = 1) = Fo.)

SLAGM—MMW—M%M+U@J—M—f@ﬁL

so clearly

(15) }llinb I, (z,t) = f(x,t) uniformly for (z,¢) in compact subsets of Qr.
—>

e Proof of convergence of J;(z,t). We compute

9

ot

Using the Lipschitz condition (10) and taking 0 < hy < hy we get
t—hy ( _a)\2 N2
1) (x—y) 1 71‘ _—y? o

Jh, —Jn, | < L A (t — Pl (RS —— i—s) | — du ds.
=l <1 [ [ o) 3| ) e ey s

We change y to a new variable z given by

G(a, ) = (4nt) " [i e,

_ dy

SNt S P A—
VAt —s) VAt —s)

We get, with some constant C' > 0,

t—h1
T — | < CL/ (t — s)"1+ids. /(|z|°‘ FPr)e - ds
t R

—ho
hence
|Jh2 — Jh1| — 0 as hl, ha — 0.

o In view of (13) and (14) we conclude that

The derivatives muh(x t) and 2uh(a: t) converge, as h — 0, for
all (z,t) € Qr, uniformly in every compact subset.
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e By the convergence of u;, and standard calculus facts we must have

1) lim Sun (2, t) = Fu(,t),

. 2 2
%IL% %Uh(xa t) = %U({E, t)v

and the convergence is uniform in every compact subset of Q.
2
o Now %uh(x,t) = I, + J;, and %uh(m,t) = Jy, s0

0 02 . [0 o?
au(mt) - wu(w,t) = ]}LILI%) auh(x,t) - @uh(x,t)]

= }lii%lh(x,t) = f(x,t), (x,t) € Q.

NONLINEAR HEAT EQUATION

(We follow [1, Section 4.4]).
We consider the nonlinear equation

(17) Vg — €Uzz + (V)% =0, (x,t) € R x (0,00), € >0,
v(z,0) = vo(z), z€R.

Remark 13. The equation (17) is sometimes called the “viscous Hamilton-
Jacobi equation”.

Assume that v is a classical solution and define a new function w(z,t) by

u(w,t)

(18) w(z,t)=e =

Claim 14. The function w satisfies the linear heat equation:

(19)

vo ()

w(z,0)=e "¢ , zeR

{wt —eWyy =0, (z,t) € R x (0,00),

Definition 15. The transformation (19) is called the Cole-Hopf transforma-
tion.

THE VISCOUS BURGERS EQUATION

We consider the Burgers equation with “viscosity”, namely:

(20) Up — EUgy + 2uu, =0, (z,t) € R x (0,00),
u(z,0) =uo(z), zeR.
Set
x
o) = [ uly.tydy
—o0
then

Ut — EVpz + [02]e =0, (z,t) € R x (0, 00).
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If v(x,t) and its derivatives decay as © — —oo, we can integrate this equation to
get

Vg — EVge + 02 =0, (2,t) € R x (0,00),

1) v(z,0) = /w uo(y)dy.

This is exactly Equation (17).
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